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In this paper the writers give a global existence and uniqueness theorem for a nonlinear
integro-differential equation which occurs in the statistical theory of turbulent diffusion. The
theorem is more general than that presented by S. H. Chang and J. T. Day (J. Comput. Phys.
26 (1978), 162). The problems of the existence and uniqueness of a solution to the equation
are solved completely. Implicit Runge-Kutta methods with m stages and optimal order p=2m
for the approximate solution of the equation are introduced. Computational examples are also
considered.  © 1987 Academic Press, Inc

1. INTRODUCTION

Consider the nonlinear integro-differential equation

u'(z)+a(z)u(t)+j’k(t,s)u(t—s)u(s)ds:f(z), 0<t<T,u(0)=c, (L1)
0

where the functions a(z), f(¢) and k(¢, s) are continuous for 0<s<¢<T,and cisa
constant. Equations of this type occur as model equations for describing turbulent
diffusion (see Velikson [2] and Monin and Yaglom [3]). In [1] an existence and
uniqueness theorem for Eq. (1.1) and a numerical algorithm are given, but the
theorem and the numerical method are merely valid under the following conditions:

(i) a(t)=0for all 0<¢< T, and

. T T 0T

) lel+[ 1/l di<s [ [ 1k(,s) dsdr<i.
0 0 Yo

In Section 2 of this paper we remove the above restrictions and prove a global
existence and uniqueness theorem for Eq. (1.1) using Schauder’s fixed point
theorem and some inequalities. It is also proved that the smoothness properties of
the solution of (1.1) depend merely on those of the functions a(t), f(¢) and k(z, s).
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In Section 3, implicit Runge-Kutta methods for finding the numerical solution of
(1.1) are introduced. These methods can be viewed as fully discretized collocation
methods in certain polynomial spline spaces (see also [5]). We could compute the
desired numerical solution through solving a system of nonlinear equations and
some systems of linear equations. These methods are high-order numerical
methods, and global discretization error estimates for the methods are obtained. In
Section 4, the formulas of a 4th-order implicit Runge-Kutta method are given,
Several computational examples are considered. It is found that the method we
used has two major advantages: stability and accuracy.

2. MAIN THEOREMS

Equation (1.1) can be transformed to an equivalent integro-differential equation.
Let

7
A(x):j als) ds.
0
Multiplying Eq. (1.1) by e*), we obtain

(e u(t)) + [ O k(t, s) ult —s) uls) ds = f (1) 4. 1)
0
Then, we have
U+ ] K, 5) Ult—s) Uls) ds=F),  0<i<T.UO)=c,  (22)
0

where

Ut)=u(t) e,  F(t)=1(1) e*",
K(t, s)=k(1, 5) et AG) — Al =)
Therefore, it is easy to find that the existence and uniqueness properties of Eq.

(1.1) are equivalent to those of the following equation (for the sake of simplicity, we
still use the notation of u(z), f(¢) and k(z, 5)),

u’(t)+j0t k(t, 8) u(t — s) u(s) ds =f(¢), 0<t<Tul@)=c, (2.2)

where the functions f(¢) and k(z, s) are continuous for 0< < T and 0<s<r< 7T,
respectively, and ¢ is a constant.

. THEOREM 2.1. Equation (2.2) possesses a unique solution ue C'(I), where
I=[0, T]. (Here, C*(J) denotes the space of functions with continuous nth derivatives
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on the interval J when n is a positive integer, and C(J) denotes the space of continuous
Sfunctions on the interval J.)

Proof. Step 1. Construct an operator S. Let V= C(I). Choosing an arbitrary
function ve V, one defines u = S(v) to be the solution of

W (1) + f k(t, 5) v(t—s5) v(s) ds=1(1), O<t<T,u(0)=c (23)
0
that is,
u(t):c—H' k(r, s) o(r — ) v(s) ds dr+j'f(s) ds. (2.4)
0 Y0 0

Step 2: S: V-V is a compact operator. From (2.4), if ve V, then S(v)=ueV.
Let X be a bounded subset of V, namely |v| :=max,., <7 |v(¢)] is less than a con-
stant for any ve X. From (2.3), there exists a constant M, such that |u'] < M for
any ve X. By the mean-value theorem, one has |u(x) —u(y)| < M |x—y| for all x,
ye L In particular, if one chooses y =0, then |u(x)| < |c| + MT for all x e I. Hence,
by the Ascoli-Arzela theorem, there exists a convergent subsequence of the set
{u=S(v)|lve X}. S: V- V is thereby a compact operator.

Step 3: Conclusion. Let Q= {veV||v(t)|<he’”, 0<t<T}, where r=
AKT(FT+ |c]), h=2FT+|c|), K=maxoc,<,<r |k(t, )|, F=maxoe, <7 | (1) It is
readily verified that Q is a closed convex and bounded set in V. For any ve Q, one
has

()| = ; — r k(t, s) v(t —s) v(s) ds + f (1)
Sr k(2 s)| lo(t—s)| |v(s)| ds + F
0

t
QJ Kh2e =9 e ds+ F
0

<KW e"T+F.

Since inequality (2.5) is valid for 0<¢< T, one has

(1)) = U W(s) ds +c

<[ 1'(s)] ds+ el
0

t
<f0 (Kh? e T+ F) ds + ||
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2 1 rt
=Kh*T— (e — 1)+ Fr+ ¢
¥

1
<Kh2T;e”+FT+ lc|

=(FT+lc|)(e"+1)

< he™

and therefore, S maps Q into itself. S being a compact operator has a fixed point
u€ O by Schauder’s fixed point theorem. One can easily show that u is a solution of
(2.2). Since ue @, and from (2.4), we know that ue C'(]).

If u, ve C'(]) are the two solutions of Eqg. (2.2), one can obtain

e’(t)+£: w(t, s) e(s) ds=0, 0<t< T, e(0)=0, {2.6)

where e(t)=u(¢)—v(t) and w(t, s)=k(z, t—5) u(z — s) + k(z, 5) o{z — 3).
Since u(¢), v(z) and k(z, s) are continuous functions, there exists a positive
constant B such that max,<, <7 {5 w?(z, 5) ds < B. From (2.6), one can get

() = ~2e(1) [ w(t.5) e(s) ds
<)+ (jo w(t, s) e(s) ds>2
<eX1) + jo w1, 5) ds L eX(s) ds
<eX1)+B L eX(s) ds.

Let Z(t) = | &°(s) ds; then one has

Z"(t) < Z'(t)+ BZ(1), 0<t<T; Z(0)=2Z'(0)=0.
Furthermore, one can verify that

(e?(Z(H) e ™)) <0, O0<:<T;Z(0)=2Z'(0)=0, (2.7}
where p= —(1+4B)'? and ¢q= (1 —p). Since Z(z)>0 for 0<t< 7, one can get

Z(t)=0 for 0<t< T from (2.7). Hence e(¢#)=0 for 0<<t< T, ie, Eq. (22) has a
unique solution in the space C'(J). The proof of Theorem 2.1 is thereby complete.
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CoROLLARY 2.1. Egquation (1.1) possesses a unique solution u in the space C'(I).

THEOREM 2.2. If the functions a(t), f(t)e C*(I), 0V k(t, s)/or ~' 0s', 0<i<j<n,
are continuous for 0<s<t<7T, then Eq. (1.1) possesses a unique solution
ue C"(I).

Proof. By Corollary 2.1, there exists a unique solution u e C'([), such that
t

u'(t)= —a(t) u(t)—j k(t, s) u(t —s) u(s) ds +£(2), 0<t<T,u(0)=c. (2.8)
0

Under the assumptions of the theorem and by (2.8), one can easily show that
ue C"*t1(I). The proof of the theorem is therefore complete.

We now know that the smoothness properties of the solution of Eq. (1.1) depend
merely on those of the functions a(¢), f(¢) and &(z, s). Thus we can use higher-order
numerical methods to solve Eq. (1.1) when those functions are smooth.

3. NUMERICAL METHODS

In this section, we introduce implicit Runge—Kutta methods with m stages and
optimal order p=2m for finding the numerical solution of (1.1). These methods
were originally used for Volterra integro-differential equations (see Brunner [5]).
We use similar ideas to determine the approximate solution of (1.1). The underlying
theoretical results for these methods are discussed in [4]. The results of the
numerical solution of several examples are summarized in the next section.

Implicit Runge-Kutta methods can be viewed as fully discretized collocation
methods in certain polynomial spline spaces. The polynomial spline space used
for the approximation of the exact solution of Eq. (1.1) is defined as follows: let
Nz1, m=1 (with N, m are positive integers), O=f,<t;< --- <ty=T,
Zy={t,;n=0,.,N—1}, Zy=Z,UT, and set r,=[t,,t,,,] (n=0,.,N—1).
Then

SO(Zy)= {ue CI): ulry=u,€P,, (n=0,... N—1)}, (3.1)

with dim(S©(Z ,)) = Nm + 1, is our approximating polynomial spline space, where
P,={p(x)|p(x) is a polynomial function, degree of p(x)<m}. Let
X(N)= U}};/;OI Xna Wlth

X,={t,+¢;h|0<c, < --- <¢, <1} (n=0,.,N-1) (3.2)
denote the set of collocation points at which the desired approximation y € SO(Z )

is to satisfy the given integro-differential equation (1.1). This approximation is thus
determined recursively by
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th+ch
pltu e h)+alt,+ )yt e+ [T Kt e b S)p(S) yolt,+eh—s) ds

In

=1 apytoh
X Kt e, ) 9u(S) p il e 5) ds
k=0"%

n—1

. Z J‘tk+l k(ln+clh, s)yk(S)yn_kfl(tn—}_Clh_s)dSzf(["+C’h)’
te+ Ch

k=0

i=1,.,m{n=0,.,N—-1) (3.3}
Forselt,, ti, 1] let s=¢,+0h 6c[0,1], k=0,.., N—1; then

Pty e h)+alt,+ ) y(t,+ e i) +h [ k(e + c,h 1, + 0h)
0
n—1 ac
X Vult+0h) yol(e,~ 0V ) dB+h Y [ ke, + c,h, 1+ 0h)
k=0"0

n—1 .1
Xyelte +0h) y, _y(t, _p+(c;—0)h)dO+h ) f k(t,+ch, t,+0h) y, + 6h)

k=90"G
XVu—sk—illy_ i1+ (L +c;—0) h) dO=1(1,+ c,h),
i=1,.,mn=0.N-1). (34)

Since y e C({), we have

yn(tn):ynfl(tn)a tnEZN (Wlth)/o(O)'—“C) (35)

In most cases the integrals occurring in the collocation equation (3.5) cannot be
found analytically but have to be approximated by suitable quadrature formulas
(compare also [5]). This means that, instead of ye S©®(Z,), we compute an
approximation ye S!9(Z,) from a perturbed collocation equation,

)A;;l(tn_i_Czh)+a(tn+cih)j}n(ln+cih*+h Z wyik(tn+czh’ tn+czcjh)

J=1

n—1 i
Xﬁn(tn+Clcjh))/}0((ci_clcj) h)+h Z Z ij(tn+clh’ tk+cjh)

k=0 j=1

n—1 m
XPilte+cih) Pu_i(ty_s 4+ (c,—cY)+h Y Y wik(t,+c,h t,+c;h)

k=0 j=1+1
XPelte+c;h) Pty g1+ (A +c;—c) h)y=f(t,+c,h),
i=1,..m #x=0.N-1), (3.6)

where we use the m-point Gauss quadrature formulas.
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We have proved that

llu— Pl o =Or<nt«'1<XT1u(t)~y(t)l =0(h™) (3.7)
I 5o = max () =y ()] = O(h™) (38)
and
u(t,) = y(t) = OR*™),  t,eZy (39)
(see [4]).

Now we rewrite the discretized collocation equation (3.6) in a form which
exhibits more clearly the fact that (3.6) defines a class of implicit Runge-Kutta
methods for the solution of Eq. (1.1). Define Y](") =J,.(t,+c, h) (where y,eP, _,)
and set

x—c,

g(x)=1] (=1, .., m). (3.10)
r=1 CJ — ¢
r#&j
Since (1, + 0h) =37, q,(0) Y\, we have
Pulta+0R)=7,+h ) b(O) Y™, (3.11)
=1

where we have set ,=7,(t,) (=9,_(,)), and
by(x)= j g (u)du, j=1,.,m. (3.12)
0
Thus, the fully discretized collocation equation can be written in the form

YE”)+a(tn+c,h)<ﬁn+h Y bic) Y}"))+h Y. wok(t,+c:h, t,+ c;c h)

j=1 r=1

X(ﬁn+h Y. bc,c) Y;'”)(yo+h Z bic;—cic,) Y}‘”)

J=1

n—1 i m
+h Y Y wk(t,+ch tk+c,h)( z (c,) Y}’”)

k=0 r=1

<y,, k+th —c,) Y~ ")>

Jj=1

n—1 m m
+h Y Y wk(t,+ch, zk+c,h)(ﬁk+h Y blc,) Yi"’)

k=0 r=i+1 J=1

x(ﬁn_k_1+n S b(14c,—c,) Y;"—k—”) —f(tn+ csh),

j=1

i=1,..m(n=0,.,N—1). (3.13)
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Rearranging the relation (3.13), we obtain for =0,

ros s [ atehiben 5ot ( § wkieh cehblec +be—ce) |
|

— r=1

x YO +p? Z Z [Z k(ch, c;c,h) bc,c,) k(c,—cic,)]
1

k=1 y=1

x YOV + yoale,h)+ hig Y, wik(ch, c;chy=f(c,h),  i=1,..m, (3.14)

3=1

where jo=¢, and for n> 1,

YW+ Y AWYW= _Bmj O™, =1, . m(n=1,., N=1), (3.15a)

J=1

where

AP =ha(t,+c,h) b(c)+h Y wk(t,+ch, t,+c.c.h)bfce,)

r=1

x(ﬁ0+h Y bu(cfl—c,)) Y§c°)>+h2 Y wk(t,+c,h, c,h)

k=1 r=1

xbic,—c)| Jo+h S bilc,) Y, (3.15b)
J k

k=1

Bfln):a(tn_{—clh)_}_h Z Wzrk(tn+czh’ ln+C,C‘rh}

r=1

< (y‘o+h S belel—c,)) Y;;”)

k=1

+h Y wk(t,+ch, c,h)(ﬁo-l-h Y bulc,) ij”), (3.15¢)

r=1 k=1

CM=f(t,+ch)—h Z Z wk(t,+c,h t+c, h)(yk—l—h Y b(c)Y“")

k=1r=1 J=1

x(ﬁnkJrh Y bc;—c,) Y}"“)

J=1

n—1 m
- Y Y wk(t,+ch titc,h)

k=0 r=:+1

(yk+h > bfc,) Y(k’><y,, v+ h Z b{l+c,—c, Y}""”). {3.15d)

g=1 J=1
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We also have

Iu=Inoalty+B)=F,  +h Y B YD (n=1.,N).  (3.16)

j=1

Note that (3.13) is a nonlinear system. Fortunately, we can compute Y and y,
(n=1, i=1,..,m) by (3.15) and (3.16) through solving some systems of linear
equations if we know the initial value Y (i= 1,.., m). Newton iteration or even a
simpler one can be employed to determine the initial value from (3.14). It can be
justified that for any given starting value Y{° (i=1,.., m) the iteration is con-
vergent whenever h> 0 is sufficiently small.

4. NUMERICAL EXPERIMENTS
In Section 3, we have seen that an implicit Runge-Kutta method (3.13) or
(3.14)-(3.16) for (1.1) is characterized by the following arrays: the collocation
parameters {c,; i=1, .., m}, the quadrature weights of Gauss quadrature formulas

{w,;i,j=1,.,m} and {w;;j=1, .., m}. We choose them appropriately so that the
results (3.7), (3.8) and (3.9) are valid (see [4] or [5]): m=2; c1=(3——\/§)/6,

cy= (3+\/§)/6; w,=w,=1% and

_ B—/3)12 (3—/3)12
w=o0=(G 3 Vors Gavnz)

(by(x)sb2(x)) = (x(x — 2¢,)/2(ey — €3); X(x — 2¢1)/2(cz — ¢1)).
We consider the following examples:

ExaMPLE 1.

4 1 —2t r1 —(t+5)
u(l)“l'ge u(t)+£)ze u(t—s) u(s) ds

u(0)=;:.

The exact solution is u(f)=4e~
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ExaMPLE 2.

t

, 2
” (z)—mu(t)Jeru(t—s) u(s) ds

1 1
=]l —— 0<1<4,
3[ " (z+1>2]’

u(0)=1.

The exact solution is u(z)=(t+ 1)

ExamPLE 3.

(1) + u(z)—%ﬂ u(t—s)u(s)ds=30(1+1t)cos3t 0<t<4,

u(0) =0.

The exact solution is u(r)= 10 sin 3¢#. There are some difficulties in getting an
accurate approximate solution for this example, because the derivative of the exact
solution changes rapidly on the interval [0, 4].

ExXAMPLE 4.

. 5
(1) +ult) + [ tsu(t—s) u(s) ds=% (2—10:+20)+2—2, 0<t<4,
]

u(0) =0.

The exact solution is u(z) = t(t — 2).

We list in Tables I, II, II1, and IV the resulting errors. By error we mean
error = |exact value — approximate value|.

The programs are written in FORTRAN in double precision for the Honeywell

TABLE I

Errors for Example 1

t h=0.1 h=1005 h=0.025
0.5 4.04x10~° 2.19x10-10 397 x 1012
1.0 418x10~° 2.12x 10710 745%x 1012
20 331x107? 1.64 x 10~ 10 1.17x 10~
30 281x10°° 1.34x 1071 136x10- 1

40 2.64x107° 1.23x 101 143 x 104
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TABLE II

Errors for Example 2

t h=0.1 h=0.05 h=0.025
0.5 4.19%x10~° 2.04%x10~° 1.01x10~°
1.0 691x10~° 336x10~* 1.66 x 10~?
20 9.81x10~° 479 x10-° 236x10~°
30 1.08 x 10~ 523x10~* 257x107°
40 1.04x 108 502x10~° 247x107°

TABLE II1
Errors for Example 3

t h=0.1 h=10.05 h=0.025
0.5 399x10-3 236x10° 144x1077
1.0 6.85x 1075 431x10°° 269 x 1077
20 7.24%x10~* 4.54x 103 2.84x10-¢
3.0 429 %1073 268 x 10~* 1.68x 103
4.0 2.84x 102 9.59x 1073 1.12x10-*

TABLE IV
Errors for Example 4

t h=0.1 h=0.05 h=0.025
0.5 1.99x10~° 1.84x 1010 1.39x 10~
1.0 431x 108 317x107° 2201010
20 7.87x 107 532x 1078 3.50x 10~°
30 6.74x10°¢ 447x 1077 287x 103
40 7.00x 103 4.62x107° 294 x 10-7

DPS8 at Peking University. It appears that the implicit Runge-Kutta method we
used has two major advantages: stability and accuracy. The major drawback is that
the algorithm we used above is somewhat more complicated to use than the

multistep method presented in [1].

Note. The programs for the implicit Runge-Kutta method can be obtained from

the authors.
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